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ABSTRACT
Logic plays a crucial role in artificial intelligence (AI) for represent-
ing and reasoning with knowledge. Classical reasoning relies on
deductive logic to draw conclusions from a knowledge base, assum-
ing that each statement is either true or false. In contrast, defeasible
reasoning allows conclusions to change when new information or
exceptions arise. The KLM framework is a widely recognised model
for defeasible reasoning. This paper explores the theoretical founda-
tions and current practical implementations of defeasible reasoning
within the context of AI. The discussion covers Rational Closure
and Lexicographic Closure, two significant extensions of the KLM
framework. Additionally, we present a tool that implements these
algorithms to help users better understand defeasible reasoning,
which will be used as a debugging tool to address issues within
knowledge bases and entailment algorithms.

CCS CONCEPTS
• Theory of computation→ Automated reasoning; • Comput-
ing methodologies → Nonmonotonic, default reasoning and
belief revision.

KEYWORDS
Artificial Intelligence, Knowledge Representation and Reasoning,
Defeasible Reasoning, Rational Closure, Lexicographic Closure

1 INTRODUCTION
Knowledge Representation and Reasoning (KRR) forms a crucial
domain within the field of AI, focusing on the symbolic representa-
tion of knowledge and its automated manipulation through reason-
ing programs [3]. A knowledge base is a collection of knowledge
(real-world information), and it serves as a foundation for storing,
managing, and retrieving knowledge. The knowledge-based system
can use reasoning to draw conclusions from the knowledge base.

Reasoning can contain exceptions where conclusions are drawn
from an uncertain or incomplete knowledge base. Using logic can
help identify the exceptions and avoid contradictions within the
knowledge base. This is where defeasible reasoning comes in. In
defeasible reasoning, adding new information can lead to the retrac-
tion of previously inferred conclusions. The most widely recognised
framework for defeasible reasoning is the KLM framework devel-
oped by Kraus, Lehmann and Magidor [5]. In the KLM approach,
defeasible reasoning is modelled using non-monotonic logic, allow-
ing conclusions to be drawn tentatively, subject to revision in light
of new information. The key idea behind the KLM approach is pref-
erence orderings on rules to determine the strength of conclusions.

The paper is part of a broader project that includes contributions
from Mohlerepe [19] and Sadiki [21]. Mohlerepe [19] focuses on

optimizing rational closure, while Sadiki [21] focuses on generating
defeasible knowledge bases.

This paper aims to explore different algorithms that extend the
KLM approach, find ways to display the defeasible reasoning pro-
cess and develop a web application tool that shows this process.
This tool will be used as a debugging tool to address issues with
knowledge bases and problems or differences in entailment algo-
rithms.

Section 2 provides background information on propositional
logic and entailment, setting the foundation for understanding
defeasible reasoning. Section 3 delves into defeasible reasoning,
focusing on the KLM approach, rational closure, and other related
concepts. Section 4 discusses the design and implementation details
of the web application tool. The final sections cover discussions,
conclusions and potential future work.

2 BACKGROUND
2.1 Propositional Logic
Propositional logic is a formal system used to reason about knowl-
edge or information, and it abstracts concepts from natural language
into a formal language [14]. It deals with indivisible statements,
known as atomic propositions [15], declarative statements that are
either true or false but not both.

The language can typically be constructed from a set of propo-
sitional variables or atoms, which represent statements that can
either be true or false and the boolean connectives (such as AND,
OR, NOT) are used to combine these variables to formmore complex
formulas [10]. The statements represent real-world information, for
example, "humans are mammals" or "an ostrich can fly". Sometimes,
a statement may have one or more other statements; an example
would be "The sky is blue, and the sun is shining".

2.1.1 Syntax. Each propositional atom is associatedwith a Boolean
value: true, denoted as T, or false, denoted as F. The lowercase letter
𝑝, 𝑞, 𝑟, . . . denotes the indivisible atoms. The set of all propositional
atoms will be denoted as P, which consists of all the statements
such that P = {𝑝, 𝑞, 𝑟, . . .}.

Atoms can be combined to form formulas using Boolean oper-
ators, also known as logical connectives, each with specific rules
for their combinations [2]. The key connectives are negation, con-
junction, disjunction, implication, and equivalence, shown in Table
1.

Name Meaning Symbol Example
negation not ¬ ¬𝑝

conjunction and ∧ 𝑝 ∧ 𝑞

disjunction or ∨ 𝑝 ∨ 𝑞

implication if then → 𝑝 → 𝑞

equivalence if and only if ↔ 𝑝 ↔ 𝑞

Table 1: Boolean operators in propositional logic
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All operators in Table 1 are binary, except negation. This means
that they take two operands while negation only takes one operand.
The order of precedence for logical operators is as follows: negation
has the highest precedence, followed by a conjunction, disjunction,
and finally, implication and equivalence, which have the lowest
precedence [11].

The propositional language L is formed by recursively defining
propositional formulas using the binary operators and the negation
operator ¬ over the set P. The set of all propositional formulas L
can be defined as ∀𝑝 ∈ P, 𝑝 ∈ L and if 𝛼, 𝛽 ∈ L then ¬𝛼, 𝛼 ∧ 𝛽, 𝛼 ∨
𝛽, 𝛼 → 𝛽, 𝛼 ↔ 𝛽 ∈ L.

2.1.2 Semantics. In propositional logic, the meaning of formulas
is defined by assigning truth values to the atoms of a formula,
similar to evaluating arithmetic expressions by assigning values
to variables [2]. We use an interpretation to assign truth values to
atoms.

Definition 1 (Interpretation). An interpretation I is a function that
maps propositions P to truth values expressed as I : P → {𝑇, 𝐹 }
where and T and F represent true and false respectively [14].

For example, an interpretation such as 𝑝𝑞𝑟 specifies that 𝑝 is
true, 𝑞 is false, and 𝑟 is true. Suppose we have a set of propositional
atoms P = {𝑝, 𝑞}. The truth values of these propositions and the
results of various logical operations involving them are summarised
in the truth table shown in Table 2.

𝑝 𝑞 ¬𝑝 𝑝 ∧ 𝑞 𝑝 ∨ 𝑞 𝑝 → 𝑞 𝑝 ↔ 𝑞

T T F T T T T
T F F F T F F
F T T F T T F
F F T F F T T

Table 2: Truth values for the logical operations on 𝑝 and 𝑞.

Each row in the truth table represents a possible interpretation
[15].

Definition 2 (Satisfaction). An interpretation I satisfies a formula
𝛼 , written I ⊩ 𝛼 , if (and only if) one of the following conditions hold:

• 𝛼 ∈ P and I(𝛼) = 𝑇

• 𝛼 = ¬𝛽 and I fails to satisfy 𝛽

• 𝛼 = 𝛽 ∧ 𝛾 and I satisfies both 𝛽 and 𝛾
• 𝛼 = 𝛽 ∨ 𝛾 and I satisfies at least one of 𝛽 and 𝛾
• 𝛼 = 𝛽 → 𝛾 and I satisfies at least one of ¬𝛽 and 𝛾
• 𝛼 = 𝛽 ↔ 𝛾 andI satisfies either both¬𝛽 and𝛾 or else neither

If an interpretation I satisfies a formula 𝛼 , it is considered a
model of 𝛼 .

Definition 3 (Models). Given a formula 𝛼 , the models of 𝛼 , de-
noted as𝑀𝑜𝑑 (𝛼), are the set of all interpretations that satisfy 𝛼 [14].
𝑀𝑜𝑑 (𝛼) ⊆ U, where U represents the universal set of all possible
interpretations.

Example 1. Supposewe have a set of propositional atomsP = {𝑝, 𝑞}
and the formula 𝛼 = 𝑝 → 𝑞. The universal set of interpretations
for P is given by U = {𝑝𝑞, 𝑝𝑞, 𝑝𝑞, 𝑝𝑞}, where each interpretation
represents a combination of truth values for 𝑝 and 𝑞. The formula
𝑝 → 𝑞 is false only when 𝑝 is true, and 𝑞 is false (i.e., 𝑝𝑞) as shown
in Table 2. In all other cases, it is true. Therefore, the set of models
for 𝛼 is𝑀𝑜𝑑 (𝛼) = {𝑝𝑞, 𝑝𝑞, 𝑝𝑞}.

A formula is a tautology if it is true in all possible interpretations
and a contradiction if it is false in all possible interpretations.

Definition 4 (Tautology). A tautology, denoted as ⊤, is a formula
that is true in all possible interpretations, meaning that𝑀𝑜𝑑 (⊤) = U.

Tautologies are always true irrespective of the individual com-
ponents. For example, the formula 𝑝 ∨ ¬𝑝 is always true because
the disjunction is true for any truth value of 𝑝 .

Definition 5 (Contradiction). A contradiction, denoted as ⊥, is a
formula that is false in all possible interpretations, meaning that
𝑀𝑜𝑑 (⊥) = ∅.

A contradiction, such as the formula 𝑝 ∧ ¬𝑝 , can never be true
because 𝑝 and ¬𝑝 can never be true simultaneously.

2.2 Entailment
Entailment is a logical relationship between statements where one
statement, called the conclusion, necessarily follows from one or
more other statements, known as the premises. It is a fundamental
concept in reasoning that formally shows how certain states of
the world logically result from others [22]. For example, given the
premises "All penguins are birds" and "Skipper is a penguin", the
conclusion "Skipper is a bird" is entailed by the premises. Formally,
entailment can be defined in terms of the relationship between the
models of two statements.

Definition 6 (Entailment). Given propositional statements or for-
mulas 𝛼, 𝛽 ∈ L, 𝛼 is said to entail 𝛽 , or 𝛽 is a logical consequence of
𝛼 , denoted as 𝛼 |= 𝛽 , if and only if the models of 𝛼 are a subset of the
models of 𝛽 , written𝑀𝑜𝑑 (𝛼) ⊆ 𝑀𝑜𝑑 (𝛽).

The premises can be represented as a set of formulas.

Definition 7 (Knowledge Base). Let K be a set of formulas. If K is
finite, it is called a knowledge base.

Themodels ofK are defined as𝑀𝑜𝑑 (K) := ⋂ {𝑀𝑜𝑑 (𝛼) | 𝛼 ∈ K}.
This expression denotes the set of all models that satisfy every for-
mula in the knowledge base K . The knowledge base K entails 𝛼 ,
written K |= 𝛼 , if and only if𝑀𝑜𝑑 (K) ⊆ 𝑀𝑜𝑑 (𝛼).
Example 2. Suppose we have the knowledge baseK with the state-
ments 𝑏 → 𝑓 , 𝑝 → 𝑏, and 𝑝 → ¬𝑓 where the atoms, 𝑏, 𝑓 , and 𝑝

represent birds, fly, and penguins, respectively. The statements mean
"birds fly" (𝑏 → 𝑓 ), "penguins are birds" (𝑝 → 𝑏), and "penguins don’t
fly" (𝑝 → ¬𝑓 ). We want to check if the statement "penguins fly"
(i.e., 𝑝 → 𝑓 ) follows from K . So, K = {𝑏 → 𝑓 , 𝑝 → 𝑏, 𝑝 → ¬𝑓 }.

Newe have the set,U = {𝑏𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝}.
We now find𝑀𝑜𝑑 (𝛼), ∀𝛼 ∈ K ,𝑀𝑜𝑑 (K), and𝑀𝑜𝑑 (𝑝 → 𝑓 ).

𝑀𝑜𝑑 (𝑏 → 𝑓 ) = {𝑏𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝}

𝑀𝑜𝑑 (𝑝 → 𝑏) = {𝑏𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝}

𝑀𝑜𝑑 (𝑝 → ¬𝑓 ) = {𝑏𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝}

𝑀𝑜𝑑 (K) =
⋂

{𝑀𝑜𝑑 (𝛼) | 𝛼 ∈ K} = {𝑏𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝}

𝑀𝑜𝑑 (𝑝 → 𝑓 ) = {𝑏𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝}
K |= 𝑝 → 𝑓 andK |= 𝑝 → ¬𝑓 because𝑀𝑜𝑑 (K) ⊆ 𝑀𝑜𝑑 (𝑝 → 𝑓 )

and𝑀𝑜𝑑 (K) ⊆ 𝑀𝑜𝑑 (𝑝 → ¬𝑓 ). However, this leads to a contradic-
tion because 𝑝 → 𝑓 and 𝑝 → ¬𝑓 cannot be true simultaneously
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unless ¬𝑝 is true. 𝑀𝑜𝑑 (¬𝑝) = {𝑏𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝, 𝑏 𝑓 𝑝}, thus K |= ¬𝑝
since𝑀𝑜𝑑 (K) ⊆ 𝑀𝑜𝑑 (¬𝑝). Therefore, 𝑝 is always false, meaning
penguins do not exist.

There is a contradiction because classical reasoning cannot han-
dle exceptions. In this case, we have the statements 𝑏 → 𝑓 , 𝑝 → 𝑓

and the exception 𝑝 → ¬𝑓 . The problem of exceptional information
arises from classical reasoning’s adherence to the property ofmono-
tonicity[14]. According to monotonicity, a valid conclusion remains
so even when new information is introduced [9]. Therefore, the
conclusion 𝑝 → 𝑓 will always be derived from 𝑝 → 𝑏 and 𝑏 → 𝑓

regardless of the statement 𝑝 → ¬𝑓 .

3 DEFEASIBLE REASONING
Defeasible reasoning is a form where conclusions are derived from
incomplete or uncertain information, and these conclusions can be
revised or overridden when new information becomes available.
Defeasible reasoning differs from classical reasoning primarily in
how it handles conclusions. In classical reasoning, once a conclusion
is derived from a set of premises, it is considered definitive. It does
not change unless a logical error or new information contradicts it.
On the other hand, in defeasible reasoning, conclusions are tentative
and can be overridden or revised based on new information or
exceptions to the general rules. This flexibility allows defeasible
reasoning to model real-world scenarios more accurately [1], where
certainty is often limited and subject to change.

3.1 KLM Framework
The KLM approach introduced a conditional assertion 𝛼 p∼ 𝛽 if
𝛼 and 𝛽 are formulas. 𝛼 p∼ 𝛽 is read as "𝛼 typically implies 𝛽"
[16, 18]. Unlike a strict logical implication, this statement allows for
exceptions or cases where the association does not hold. Revisiting
our knowledge base in Example 2, we can replace the symbol →
with p∼ in statements where we can have exceptions. So, the new
knowledge base would be K = {𝑏 p∼ 𝑓 , 𝑝 → 𝑏, 𝑝 p∼ ¬𝑓 }. From the
new knowledge, it can be seen that "birds typically fly", "penguins are
birds", and "penguins typically don’t fly". This allows us to conclude
from uncertain or incomplete information.

KLM outlines criteria that an entailment relation must satisfy
to be considered rational. Specifically, an entailment relation p≈ is
deemed rational if it adheres to the following principles [13, 16, 18].

(Reflexivity) K p≈ 𝛼 p∼ 𝛼

(Left Logical Equivalence)
K p≈ 𝛼 ↔ 𝛽,K p≈ 𝛼 p∼ 𝛾

K p≈ 𝛽 p∼ 𝛾

(Right Weakening)
K p≈ 𝛼 → 𝛽,K p≈ 𝛾 p∼ 𝛼

K p≈ 𝛾 p∼ 𝛽

(And)
K p≈ 𝛼 p∼ 𝛽,K p≈ 𝛼 p∼ 𝛾

K p≈ 𝛼 p∼ 𝛽 ∧ 𝛾

(Or)
K p≈ 𝛼 p∼ 𝛾,K p≈ 𝛽 p∼ 𝛾

K p≈ 𝛼 ∨ 𝛽 p∼ 𝛾

(Continuous Monotonicity)
K p≈ 𝛼 p∼ 𝛾,K p≈ 𝛼 p∼ 𝛽

K p≈ 𝛼 ∧ 𝛽 p∼ 𝛾

(Rational Monotonicity)
K p≈ 𝛼 p∼ 𝛾,K p̸≈ 𝛼 ̸p∼ 𝛽

K p≈ 𝛼 ∧ 𝛽 p∼ 𝛾

Lehmann and Magidor suggest that defeasible entailment should
adhere to all the KLM properties mentioned earlier [4]. This concept
is referred to as LM-rationality.

3.1.1 Preferential Interpretations. Preferential semantics es-
tablishes an order among interpretations, indicating that if an agent
favours one interpretation 𝑢 over another 𝑣 , the agent will likely
prioritise𝑢 over 𝑣 [14]. The concept of preference can be interpreted
in various ways, with one interpretation being that more typical
interpretations are favoured.

3.1.2 Ranked Interpretations. The concept of preferential inter-
pretations is refined to create ranked interpretations by introducing
conditions that restrict the partial order for the interpretation [18].
These restrictions lead to an ordering that establishes a series of
non-empty levels, where interpretations on the lower levels are
considered more "typical" or preferred.

Moreover, they extend the definition of a preferential conse-
quence relation to define a rational consequence relation, which
must satisfy all seven KLM properties. They demonstrate that
ranked interpretations can define rational consequence relations,
and conversely, every rational consequence relation can be defined
by a ranked interpretation.

Definition 8 (Ranked Interpretation). a ranked interpretation is
a function R : U → N ∪ {∞} which must satisfy the following
property: ∀𝑖 ∈ N , ∃𝑢 ∈ U such that R(𝑢) = 𝑖 , then there must be a
𝑣 ∈ U such that R(𝑣) = 𝑗 where 0 ≤ 𝑗 < 𝑖 [14].

Defeasibility is addressed by providing semantics for the op-
erator p∼ using ranked interpretations. In a ranked interpretation
R, a defeasible implication 𝛼 p∼ 𝛽 holds if, for all the most typical
interpretations in which 𝛼 is true (i.e., the models of 𝛼 on the lowest
level containing an interpretation that satisfies 𝛼), 𝛽 is also true.

Consider a set of propositions P = {𝑝, 𝑞, 𝑟 }, Table 3 shows a
possible ranked interpretation form P.

∞ pqr pqr
2 pqr pqr
1 pqr pqr pqr
0 pqr

Table 3: Ranked interpretations for P = {𝑝, 𝑞, 𝑟 }

Table 3 shows that R(pqr) = 0 which shows that pqr is most
typical while pqr and pqr are impossible as their rank is∞.

3.2 Rational Closure
Rational closure in defeasible reasoning is crucial for deriving con-
clusions from explicit and implicit statements within a knowledge
base. It allows us to conduct rational inference on defeasible knowl-
edge bases [7], ensuring that they are logically sound and consistent.
One key aspect of rational closure is to assign a ranking to each in
the knowledge base, thereby extending preferential reasoning [22].

Formally, rational closure involves determining whether the de-
feasible implication is entailed by a knowledge base using a method
that adheres to the rationality properties proposed by Lehmann
and Magidor. These properties ensure that conclusions drawn from
defeasible implications remain consistent and coherent, even when
exceptions exist. Rational closure is the most conservative form
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of defeasible entailment. This means that anything entailed by ra-
tional closure will also be entailed by the other common forms
of defeasible entailment [20]. The rational closure process can be
defined semantically or algorithmically, as outlined in [5].

3.2.1 Minimal Ranked Entailment. Minimal ranked entailment
involves establishing a partial ordering ⪯K of all ranked models of
knowledge base K . The ordering is defined such that for any two
ranked interpretations R1 and R2, R1 ⪯K R2 if for every valuation
𝑣 ∈ U, R1 (𝑣) ≤ R2 (𝑣) [5]. The most typical models are ranked
lower, which leads to identifying a minimal element [10]. This
minimal element is denoted as RK

𝑅𝐶
. Minimal ranked entailment,

denoted by p≈, is then formulated based on a defeasible knowledge
base K and its corresponding ranked interpretation RK

𝑅𝐶
. For any

defeasible implication 𝛼 p∼ 𝛽 , K p≈ 𝛼 p∼ 𝛽 holds if and only if RK
𝑅𝐶

entails 𝛼 p∼ 𝛽 . Based on ranked interpretations, this approach to
entailment is shown to have similarities to preferential entailment.

3.2.2 Materialisation. To ascertain the exceptional nature of a
statement, it is imperative to materialise defeasible statements [7].
This involves defining the counterpart of each defeasible implica-
tion 𝛼 p∼ 𝛽 as the propositional formula 𝛼 → 𝛽 . The collection of
all such counterparts for K is represented as K . This is formally
denoted asK = {𝛼 → 𝛽 : 𝛼 p∼ 𝛽 ∈ K}. A propositional statement 𝛼
is deemed exceptional in relation to a knowledge baseK if and only
ifK |= ¬𝛼 , meaning 𝛼 is false in all the most typical interpretations
across every ranked model in K .

3.2.3 Base Rank Algorithm. The base rank algorithm separates
formulas in the knowledge base into ranks, assigning ranks based
on the exceptional subsets derived from the defeasible statements
and classical propositional logic statements. The base rank is the
initial step to algorithmically determining whether a defeasible im-
plication is encompassed within the rational closure of a knowledge
base. As detailed in [5], the base rank outlined in Algorithm 1 is
the first of the two sub-algorithms used for rational closure.

Algorithm 1: BaseRank [8]
Input: A knowledge base K
Output: An ordered tuple (R0, . . . ,R𝑛−1,R∞, 𝑛)

1 𝑖 := 0;
2 R∞ := K \ {𝛼 p∼ 𝛽 ∈ K};
3 E0 := {𝛼 p∼ 𝛽 ∈ K};
4 repeat
5 E𝑖+1 := {𝛼 p∼ 𝛽 ∈ E𝑖 | R∞ ∪ E𝑖 |= ¬𝛼};
6 R𝑖 := E𝑖 \ E𝑖+1;
7 𝑖 := 𝑖 + 1;
8 until E𝑖−1 = E𝑖 ;
9 R∞ := R∞ ∪ E𝑖−1;

10 𝑛 := 𝑖 − 1;
11 return (R0, . . . ,R𝑛−1,R∞, 𝑛);

The process starts by separating the defeasible statements from
classical statements. The classical statements are added to the in-
finite rank R∞, while the classical statements are added to the

sequence element E0. Subsequent elements, E𝑖 , are derived by fil-
tering out statements of the form 𝛼 p∼ 𝛽 from the previous element
E𝑖−1, where 𝛼 can be demonstrated as false based on the existing
statements. This process continues until no new statements can
be derived, with E𝑛 usually denoted as E∞ representing the final
unique element.

A ranking is constructed based on the difference between con-
secutive sequence elements. Classical statements and statements
from the final element E∞ occupy the infinite rank. A statement
𝛼 p∼ 𝛽 is assigned a base rank 𝑖 if it resides in rank 𝑖 , signifying
that in any ranked interpretation derived from the corresponding
materialisation E𝑖 , 𝛼 → 𝛽 will be valid in at least one interpretation
belonging to the most typical rank.

The second sub-algorithm shown in Algorithm 2 checks defeasi-
ble entailment using rational closure. Given a defeasible implication

Algorithm 2: RationalClosure [8]
Input: A knowledge base K and a DI 𝛼 p∼ 𝛽

Output: true if K p≈𝑅𝐶 𝛼 p∼ 𝛽 , otherwise false
1 (R0, . . . ,R𝑛−1,R∞, 𝑛) =: BaseRank(K);
2 𝑖 := 0;
3 R :=

⋃𝑗<𝑛
𝑗=0 R 𝑗 ;

4 while R∞ ∪ R |= ¬𝛼 and R∞ ≠ ∅ do
5 R := R \ R𝑖 ;
6 𝑖 := 𝑖 + 1;
7 end
8 return R∞ ∪ R |= 𝛼 → 𝛽

𝛼 p∼ 𝛽 , check if the statements in all ranks entail ¬𝛼 . Then, system-
atically eliminate sets of classical implications from higher ranks
until identifying a rank where ¬𝛼 is not entailed. Finally, assess
whether the remaining statements entail 𝛼 → 𝛽 . If only the bot-
tom rank remains and the statements entail ¬𝛼 , conclude that K
defeasibly entails 𝛼 p∼ 𝛽 .

To illustrate the Rational Closure algorithm, let’s look at the
following example.

Example 3. Suppose one has the knowledge base K which has
the following statements 𝑝 → 𝑏, 𝑠 → 𝑏, 𝑏 p∼ 𝑓 , 𝑏 p∼ 𝑤 , 𝑏 p∼ 𝑒 and
𝑝 p∼ ¬𝑓 which mean "penguins are birds", "Skipper is a penguin",
"birds typically fly", "birds typically have wings", "birds typically have
eyes", and "penguins typically don’t fly" respectively.

Consider the statement, "Skipper typically does not fly" (i.e.,
𝑠 p∼ ¬𝑓 ). Using the RationalClosure algorithm, we first compute
initial rankings using the BaseRank algorithm.

We add classical formulas in infinite rank R∞ = {𝑝 → 𝑏, 𝑠 → 𝑝}.

E0 = {𝑏 p∼ 𝑓 , 𝑏 p∼ 𝑤,𝑏 p∼ 𝑒, 𝑝 p∼ ¬𝑓 }
E1 = {𝑝 p∼ ¬𝑓 } Since (R∞ ∪ E0 |= ¬𝑝)
E2 = {}
E3 = {} We stop since E3 = E2 (E2 is the last element)

The last element is unique and is usually denoted as E∞. Therefore
E∞ = E2 = {}. The initial ranking shown in Table 4 is computed
as follows R0 = E0 \ E1, R1 = E1 \ E∞ , and R∞ = R∞ ∪ E∞.
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0 𝑏 p∼ 𝑓 , 𝑏 p∼ 𝑤,𝑏 p∼ 𝑒

1 𝑝 p∼ ¬𝑓
2 𝑝 → 𝑏, 𝑠 → 𝑝

Table 4: Initial ranking of statements for Example 3

Next, we check if R0 ∪ R1 ∪ R∞ |= ¬𝑠 . Since this is true, we
remove R0. We then verify if R1 ∪ R∞ |= ¬𝑠 . As this is false, we
stop removing ranks and check if R1 ∪ R∞ |= 𝑠 → ¬𝑓 . Since this
entailment holds, the RationalClosure algorithm returns true.

Example 4. Suppose one has the knowledge base in Example 3.
Consider the statement, "Skipper typically has wings" (i.e., 𝑠 p∼ 𝑤 ).
BaseRank algorithm constructs the initial ranking in Table 4.

Next, we check if R0 ∪ R1 ∪ R∞ |= ¬𝑠 . Since this is true, we
remove R0. We then verify if R1∪R∞ |= ¬𝑠 . As this is false, we stop
removing ranks and check if R1 ∪ R∞ |= 𝑠 → 𝑤 . This entailment
does not hold as R0 has been removed. Thus, RationalClosure
algorithm returns false.

3.3 Lexicographic Closure
Lexicographic closure is a form of defeasible entailment first intro-
duced by Lehmann [17]. Lexicographical closure is a nonmonotonic
reasoning procedure that builds on the concepts of rational closure
[6] and refines it [17]. It is used to derive conclusions from explicit
knowledge and default information. Lexicographic closure can be
defined in terms of ranked interpretation and ranking formulas.
Both of these definitions use a "seriousness" ordering, in which
we prefer ordering a "lighter" set of defaults over a more serious
one [17]. Two criteria must be considered when determining the
seriousness of two sets: cardinality and specificity.

3.3.1 Ranked Interpretations. Specificity is considered a pri-
mary criterion for generating ranked interpretations for lexico-
graphic closure. The specificity of statements is determined by
their rank (a higher rank is more specific while a lower rank is
less specific). Thus, we prefer violating a lower rank than a higher
rank. After using specificity, we can refine the ordering by check-
ing the number of statements violated by each interpretation in
rank. Given the knowledge base K with order 𝑘 , we construct a
𝑘 + 1-tuple of natural numbers 𝑛𝐷 = ⟨𝑛0, 𝑛1, . . . , 𝑛𝑘 ⟩ for each sub-
set 𝐷 ⊆ K , where 𝑛0 is the number of formulas that have rank
∞ and 𝑛𝑖 is the number of formulas that have rank 𝑘 − 1. This
ordering is a "strict modular partial ordering denoted by ≺𝑆 (seri-
ousness ordering)" [17]. Using these tuples, we can define ordering
on subsets 𝐷1, 𝐷2 ⊆ K by 𝐷1 ≺𝑆 𝐷2 if 𝑛𝐷1 < 𝑛𝐷2 , where < is the
lexicographic ordering of tuples (e.g. ⟨0, 1, 1, 0⟩ < ⟨1, 1, 0, 1⟩). We
can therefore use this ordering to impose an order ⪯𝐿𝐶 on inter-
pretations, K . For interpretations 𝑢, 𝑣 ∈ U, the ordering ≺𝐿𝐶 can
be defined as: 𝑢 ≺𝐿𝐶 𝑣 iff 𝑉 (𝑢) ≺𝐿𝐶 𝑉 (𝑣) where, 𝑉 (𝑤) ⊆ K is the
number of defeasible implication violated by𝑤 [17]. This definition
can be used to generate ranked interpretations (denoted RK

𝐿𝐶
) that

correspond to the lexicographic closure.

3.3.2 Ranked Formulas. Lexicographic closure can also be de-
fined using an algorithm in Algorithm 3. One starts by ranking
formulas in the knowledge base according to the BaseRank algo-
rithm, which considers specificity. The ranking is then refined by
weakening the formulas. The idea is that, instead of removing the

whole level when there is an inconsistency, one should remove the
formula causing the inconsistency by weakening the most typical
rank. When checking if K p≈ 𝛼 p∼ 𝛽 , the algorithm starts by check-

Algorithm 3: LexicographicClosure [8]
Input: A knowledge base K and a DI 𝛼 p∼ 𝛽

Output: true if K p≈𝐿𝐶 𝛼 p∼ 𝛽 , otherwise false
1 (R0, . . . ,R𝑛−1,R∞, 𝑛) =: BaseRank(K);
2 𝑖 := 0;
3 R :=

⋃𝑗<𝑛
𝑗=0 R 𝑗 ;

4 while R∞ ∪ R |= ¬𝛼 and R∞ ≠ ∅ do
5 R := R \ R𝑖 ;
6 𝑚 := |R𝑖 | − 1;
7 R𝑖,𝑚 :=

∨
𝑋 ∈Subsets(R𝑖,𝑚 )

∧
𝑥∈𝑋 𝑥 ;

8 while R∞ ∪ R ∪ {R𝑖,𝑚} and𝑚 > 0 do
9 𝑚 :=𝑚 + 1;

10 R𝑖,𝑚 :=
∨

𝑋 ∈Subsets(R𝑖,𝑚 )
∧

𝑥∈𝑋 𝑥 ;
11 end
12 R := R ∪ {R𝑖,𝑚};
13 𝑖 := 𝑖 + 1;
14 end
15 return R∞ ∪ R |= 𝛼 → 𝛽

ing whether R0 ∪ R1 ∪ · · · ∪ R𝑛−1 ∪ R∞ |= ¬𝛼 . If this condition is
met, the algorithmweakens the lowest finite instead of immediately
discarding all statements at this rank.

We take subsets of the rank to weaken a rank, with each subset
being of size 𝑥 − 1 (where 𝑥 is the number of formulas in the lowest
finite rank); for each subset, we apply conjunction (∧) between
the formulas and then use disjunction (∨) to combine the result-
ing formulas from the subsets. This weakening process continues
iteratively, checking subsets of decreasing size until either the en-
tailment no longer holds or the size of the subsets reaches 0 (at
which point the resulting formula is a tautology, ⊤), and the rank is
discarded entirely. The process is then repeated for the next lowest
rank of formulas.

Example 5. Suppose we have a rank R0 with the statements {𝑎 p∼
𝑥, 𝑎 p∼ 𝑦, 𝑎 p∼ 𝑧}. The rank size is |R0 | = 3. For subsets of size 2, we
obtain the refined rank R0,2 = (𝑎 p∼ 𝑥 ∧ 𝑎 p∼ 𝑦) ∨ (𝑎 p∼ 𝑥 ∧ 𝑎 p∼ 𝑧) ∨
(𝑎 p∼ 𝑦 ∧ 𝑎 p∼ 𝑧). For subsets of size 1, we have𝑅0,1 = 𝑎 p∼ 𝑥∨𝑎 p∼ 𝑦∨
𝑎 p∼ 𝑧. For subsets of size 0, we have R0,0 = ⊤, meaning that the
rank R0 is discarded entirely because it can no longer be weakened.

To illustrate the difference between the Lexicographic Closure
and Rational Closure algorithm, let’s look at the following example.

Example 6. Suppose one has the knowledge base in Example 3,
i.e., K = {𝑝 → 𝑏, 𝑠 → 𝑏, 𝑏 p∼ 𝑓 , 𝑏 p∼ 𝑤,𝑏 p∼ 𝑒, 𝑝 p∼ ¬𝑓 }. Consider
the statement, "Skipper typically has wings" (i.e., 𝑠 p∼ 𝑤 ). BaseRank
algorithm constructs the initial ranking in Table4.

With the same knowledge base K and query formula 𝑠 p∼ 𝑤 in
Example 4, the RationalClosure algorithm returns false.

For Lexicographic Closure, we R0 ∪ R1 ∪ R∞ |= ¬𝑠 . Since this
is true, we refine R0 by weakening its formulas shown in Table 5.
Then we check again whether R0 ∪ R1 ∪ R∞ |= ¬𝑠 . As this is not
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true, we stop refining ranks and check if R0 ∪ R1 ∪ R∞ |= 𝑠 → 𝑤 .
Since this entailment holds, the Lexicographic Closure algorithm
returns true.

0 (𝑏 p∼ 𝑒 ∧ 𝑏 p∼ 𝑓 ) ∨ (𝑏 p∼ 𝑒 ∧ 𝑏 p∼ 𝑤) ∨ (𝑏 p∼ 𝑓 ∧ 𝑏 p∼ 𝑤)
1 𝑝 p∼ ¬𝑓
2 𝑝 → 𝑏, 𝑠 → 𝑝

Table 5: Refined ranking of statements for Example 6

4 SYSTEM DESIGN AND IMPLEMENTATION
4.1 Requirements
A systematic approach was employed to gather the necessary re-
quirements to build the defeasible reasoning software. This involved
gathering information to define the software’s functional and non-
functional needs.

4.1.1 Sources of Information. To accurately capture the require-
ments, we gathered information from various sources.We held regu-
lar meetings with our supervisor to discuss the software’s objectives
and key functionality. These discussions were crucial in defining
the project’s scope, identifying critical features and understanding
the priorities. We studied tools similar to the one being developed,
mainly focusing on their strengths and limitations. For instance,
analysing the tools developed by Hamayobe [12] and Wang [25]
provided insights into implementing and improving how the rea-
soning process is presented to users. We examined the algorithms
by Everett et al. [8], which helped us determine how to explain the
defeasible reasoning process.

4.1.2 Functional Requirements. The primary functional re-
quirement was that the application perform and display defeasible
reasoning processes, including Base Rank, Rational Closure, and
Lexicographic Closure operations. The application was also re-
quired to have a user-friendly interface to allow users to interact
easily with and understand the reasoning process. The application
should also allow users to input and modify the knowledge base
and queries. The application should display the reasoning process
to show how conclusions were derived using different algorithms.

4.1.3 Non-Functional Requirements. The application was re-
quired to handle errors to ensure the system remains stable and
reliable even under exceptional circumstances. The user interface
must be intuitive and user-friendly to allow users to interact with
the application and understand the reasoning process.

4.2 Architecture
The web application was developed using Java for the back end and
TypeScript for the front end. It follows a layered architecture, organ-
ising related functionalities into layers where each layer provides
services to the layer above. As shown in Figure 1, this architec-
ture pattern was chosen to address the separation of concerns and
ensure modularity and ease of use.

For the front end, the application uses a JavaScript framework
called React, which is part of the presentation layer. This layer
consists of React components that make up the user interface. The
user interface allows users to input data and request results, which
are then displayed. The presentation layer also utilises third-party

JavaScript libraries to render mathematical equations in TEX format.
When users query for results, the presentation layer sends requests
to the application layer and updates the user interface based on the
responses.

ETXRC

Presentation Layer

Pages API

Application Layer

Controllers Serializers

Domain Layer

Services

Base Rank, Rational Closure
and Lexicographic Closure

Entities

TweetyProject

Figure 1: Layered Architecture of the web application.

The back end of the web application uses a lightweight Java
framework called Javalin to create a REST API. It consists of the
application and domain layers. The application layer includes seri-
alizers that convert Java objects to JSON objects and vice versa. It
also contains controllers responsible for handling requests from the
presentation layer. The controllers use the serialisers to manage
request and response data and employ services from the domain
layer to provide appropriate responses.

The domain layer defines entities that represent core domain
rules and services the application layer uses. These services include
reasoning algorithms such as the Base Rank Algorithm, Rational
Closure Algorithm, and Lexicographic Closure Algorithm. This
layer also uses the third-party Java library TweetyProject [23, 24] to
determine entailment.

4.3 System Implementation
The defeasible reasoning software was implemented as a web ap-
plication, leveraging a layered architecture to maintain modularity
and facilitate the separation of concerns. The software stack in-
cluded Java for the back end, TypeScript and React for the front end,
and various third-party libraries to handle specific computational
tasks.

4.3.1 Back end Implementation. The application’s back end
was developed using Java, a robust and widely used programming
language. The Javalin framework was chosen for its lightweight
nature and simplicity in setting up RESTful APIs, essential for
communication between the front and back ends. The back end
was divided into several layers.

The application layer acted as the intermediary between the pre-
sentation layer and the core business logic. It housed controllers
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responsible for handling HTTP requests from the front end. These
controllers processed incoming data, invoked the necessary ser-
vices, and returned the appropriate responses. The domain Layer
encapsulated the core logic of the defeasible reasoning software.
It implemented the reasoning algorithms - Base Rank, Rational
Closure, and Lexicographic Closure in the TweetyProject library.
These algorithms are the services that the controllers use. This layer
also defined the entities representing the knowledge base, rankings,
queries, and other core concepts. The entities and services in the do-
main layer use the proposition logic library provided by the Tweety
project. The TweetyProject library, a powerful tool for knowledge
representation and reasoning, was integral to implementing the rea-
soning algorithms [23, 24]. It provided the necessary infrastructure
for logical operations, allowing the system to perform complex rea-
soning tasks efficiently. Custom extensions were developed on top
of the TweetyProject framework to accommodate the requirements
of defeasible reasoning. These extensions allowed the software to
handle defeasible implications and other logic forms not natively
supported by the library.

4.3.2 Frontend Implementation. The front end was developed
using TypeScript, a strongly typed superset of JavaScript. React, a
popular JavaScript library for building user interfaces was employed
to create a dynamic and responsive UI. The choice of React was
motivated by its component-based architecture, which allowed for
the modular development of the interface. Each component was
responsible for a specific UI part, such as data input forms, query
submission buttons, and result displays (for the summary, base
rank, rational closure, and lexicographic closure). Figure 2 shows
the frontend interface of the web tool.

Figure 2: Query formula, knowledge base and result display

Users could input their knowledge base either manually or by
uploading a file. The front end validates input formats and ensures

the knowledge base is correctly structured before submission. Users
can enter queries related to the knowledge base, which are then sent
to the back end for processing. The results of the reasoning process,
including the steps involved in deriving conclusions, were displayed
in a user-friendly format by rendering mathematical equations in
TEX format.

4.4 Data Flow and Interaction
The REST API facilitated the front and back-end interaction, allow-
ing efficient data flow between the two layers. The typical workflow
involved the following steps:
(1) Users entered a knowledge base and a query through the front-

end interface shown in Figure 3. The input data was first vali-
dated locally to meet the required format and structure.

Figure 3: User input forms for query and knowledge base.

(2) The input data (knowledge base and query formula) is sent to
the backend to be checked for validity. Once validated, it is
returned to the front end, and the interface is updated with
rendered mathematical formulas as shown in Figure 4.

Figure 4: Rendered math formulas for inputs.

(3) After pressing the "query" button, the validated knowledge
base is sent to the backend to calculate the base rank. Once the
base rank is computed and sent to the front end. Then, the front
end initiates a request with the base rank and query formula as
input data. The request involves computing rational entailment
and lexicographic entailment. Subsequently, the backend runs
these reasoning algorithms based on the input data and sends
the results to the frontend.
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(4) The front end received the results, saved them to local storage
in the front end and updated the UI accordingly. The reason-
ing process and conclusions were displayed in a clear and
structured manner. Figure 5 summarises the results, including

Figure 5: Summary of results.

entailment results, initial and final ranks for rational and lexico-
graphic closures, and the time taken for each algorithm. More

screenshots (for base rank, rational closure, and lexicographic
closure algorithms) can be found in Appendix B.

4.5 Testing, Evaluation, and Execution
A rigorous testing strategy was implemented to ensure the de-
feasible reasoning software met all functional and non-functional
requirements. This included unit testing and integration testing.
Each system component was subjected to unit testing, from the
individual reasoning algorithms in the domain layer to the API end-
points in the application layer. The JUnit framework was used to
test the backend, ensuring that each algorithm produced the correct
outputs for various inputs, including edge cases. Integration tests
were conducted to ensure that the different layers of the application
worked together seamlessly. These tests simulated real-world sce-
narios, where users would input data through the front end, trigger
backend processing, and receive results. The tests verified that data
was correctly passed between the front and back end and that the
system functioned as intended.

Extensive testing was also conducted to ensure the system han-
dled invalid inputs and other exceptional conditions. The error
handling mechanisms implemented in both the front and back end
were validated to ensure the system could recover gracefully from
errors and provide informative feedback.

We conducted all tests by providing different knowledge bases
to the web tool. The test results and the feedback from our su-
pervisor were enough to verify the correctness of the algorithms
implemented by our application.

5 DISCUSSIONS
This paper aimed to develop web application software that incorpo-
rates rational closure and lexicographic closure and showcases the
defeasible reasoning process. This objective has been accomplished.
However, to achieve this, the algorithms required modification in
their inputs. The rational closure in Algorithm 2 and lexicographic
closure in Algorithm 3 initially calculated the base rank, which
needed to be changed to avoid redundant calculations. This ad-
justment was necessary because the BaseRank algorithm can take
longer to compute for a knowledge base with numerous excep-
tional statements. To compare the computational time of these two
algorithms, the inputs of their implementations were modified to
include an ordered tuple (R0, . . . ,R𝑛−1,R∞, 𝑛) and a defeasible
implication 𝛼 p∼ 𝛽 . This means the initial ranks are constructed
first and then used as input to these algorithms. These modified
algorithms are in Appendix A.

The results of the defeasible reasoning are categorized into four
sections. The first section is the "Summary," which displays the
entailment results (K p≈ 𝛼 p∼ 𝛽 or K ̸p≈ 𝛼 p∼ 𝛽), the initial ranking
created by the BaseRank algorithm, the final ranking, and the time
taken for each algorithm. The second section is the "Base Rank,"
illustrating the steps involved in constructing the initial ranking.
The third section is the "Rational Closure," detailing the steps taken
to check for entailment using the RationalClosure algorithm. The
fourth section is the "Lexicographic Closure," outlining the steps
taken to check for entailment using the LexicographicClosure
algorithm. Users can navigate via tabs to access the results of each
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section. This tool can be utilized as a debugging tool to identify ex-
ceptional statements in the knowledge base and the distinctions be-
tween lexicographic closure and rational closure. As lexicographic
closure is an expansion of rational closure, the tool can also pinpoint
issues with rational closure when querying specific statements.

6 CONCLUSIONS
This paper introduces knowledge representation and reasoning and
explains how propositional logic is used to represent knowledge.
It further discusses the differences between classical entailment
and defeasible entailment using examples. By delving into the KLM
framework, we have shown how defeasible reasoning acknowledges
exceptions and uncertainties, providing a more nuanced approach
than classical reasoning systems. The KLM framework’s reliance
on nonmonotonic reasoning allows conclusions to be tentative,
accommodating the dynamic nature of real-world information.

We have reviewed various methods of extending the KLM ap-
proach, including rational closure and lexicographic closure. Each
method handles exceptions differently. This paper implements al-
gorithms by Everett et al. [8] to compute defeasible entailment. Ra-
tional Closure offers foundational techniques, while Lexicographic
Closure refines these approaches by introducing a seriousness or-
dering, thus providing more nuanced control over defeasible entail-
ments.

As discussed, developing a web application tool represents a
significant step towards explaining a defeasible reasoning process.
It can also be used as a debugger to identify exceptional information
in knowledge bases and differences or issues in the entailment
algorithms.

Future work includes extending the software by focusing on
other forms of defeasible entailment, such as Relevant Closure.
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A ALGORITHMS
Algorithm 4: ModifiedRationalClosure
Input: An ordered tuple (R0, . . . ,R𝑛−1,R∞, 𝑛) and a DI 𝛼 p∼ 𝛽

Output: true if K p≈𝑅𝐶 𝛼 p∼ 𝛽 , otherwise false
1 𝑖 := 0;
2 R :=

⋃𝑗<𝑛
𝑗=0 R 𝑗 ;

3 while R∞ ∪ R |= ¬𝛼 and R∞ ≠ ∅ do
4 R := R \ R𝑖 ;
5 𝑖 := 𝑖 + 1;
6 end
7 return R∞ ∪ R |= 𝛼 → 𝛽

Algorithm 5: ModifiedLexicographicClosure
Input: An ordered tuple (R0, . . . ,R𝑛−1,R∞, 𝑛) and a DI 𝛼 p∼ 𝛽

Output: true if K p≈𝐿𝐶 𝛼 p∼ 𝛽 , otherwise false
1 𝑖 := 0;
2 R :=

⋃𝑗<𝑛
𝑗=0 R 𝑗 ;

3 while R∞ ∪ R |= ¬𝛼 and R∞ ≠ ∅ do
4 R := R \ R𝑖 ;
5 𝑚 := |R𝑖 | − 1;
6 R𝑖,𝑚 :=

∨
𝑋 ∈Subsets(R𝑖,𝑚 )

∧
𝑥∈𝑋 𝑥 ;

7 while R∞ ∪ R ∪ {R𝑖,𝑚} and𝑚 > 0 do
8 𝑚 :=𝑚 + 1;
9 R𝑖,𝑚 :=

∨
𝑋 ∈Subsets(R𝑖,𝑚 )

∧
𝑥∈𝑋 𝑥 ;

10 end
11 R := R ∪ {R𝑖,𝑚};
12 𝑖 := 𝑖 + 1;
13 end
14 return R∞ ∪ R |= 𝛼 → 𝛽
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B SUPPLEMENTARY INFORMATION
B.1 Screenshots

Figure 6: Forms for query formula and knowledge base

Figure 7: Form to upload a knowledge base file

Figure 8: Math formulas for query and knowledge base
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Figure 9: Summary of results
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Figure 10: Base rank results
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Figure 11: Rational closure results
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Figure 12: Lexicographic closure results
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